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a b s t r a c t
Sharp exponential upper bound, k!n−1, on the number of hamiltonian k-sets (i.e., decompo-
sitions into k hamiltonian cycles) among multigraphs G is found if the number, n, of vertices
is fixed, n ≥ 3. Moreover, the upper bound is attained iff G = kCn where kCn is the k-fold
n-cycle Cn. Furthermore, if G 6= kCn then the number of hamiltonian k-sets in G is less than
or equal to k!n−1/k, the bound, if k ≥ 2, being attained for exactly b n−22 c nonisomorphic
2k-valent multigraphs G of order n ≥ 4. For k ≥ 2, the number of hamiltonian k-sets among
multigraphs of order at least 3 is even.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a multigraph. This implies that G is loopless. We assume that the number of vertices is at least three unless
otherwise stated. The valency of a vertex x, val x, is the number of edges incident to the vertex, the degree, deg x, being the
number of neighbors. Then G is called k-valent if each vertex is of valency k.
A decomposition of G is a collection of edge-disjoint submultigraphs whose union is equal to G. A decomposition is called
hamiltonian if all decomposition parts are Hamilton cycles, the decomposition is called a hamiltonian pair if the number of
parts in question is two. The hamiltonian decomposition into k parts is called a hamiltonian k-set, k ≥ 2.
Let hk(G) be the number of hamiltonian k-sets of G and let hk(n) denote the maximum of hk(G) if G ranges over all
multigraphs of order n. Then hk(G) = 0 if G is not 2k-valent. We are going to study the largest values of the function hk.
The related problem for k = 2 of determining the minimal positive number of hamiltonian pairs has been studied by several
authors, see [1,3,5,6]. In particular, it follows from Thomason [6] that the number h2(G) is even for every multigraphGof order
n ≥ 3. Moreover, h2(G) ≥ 4 if G has a hamiltonian pair. This lower bound is sharp for each n ≥ 3 because multigraphs with
exactly four hamiltonian pairs have been found by West [7], independently by Skupień [4] with additional new examples
[5].
Our aim is to contribute to the open problem stated in [4] on the corresponding upper bounds. For n ≥ 4, we characterize
n-vertex multigraphs with two largest values of hk, namely with hk ∈ {k!n−1, k!n−1/k}.
In general we use the standard terminology of graph theory. Given a multigraph G, the statement y ∈ G means that y is a
vertex of G. Consequently, |G| denotes the order of G. Following Bosák [1], given a simple graph H and positive integer k, the
symbol kH stands for the multigraph which is the union of k edge-disjoint copies of H on the fixed vertex set V(H) (whence
1H = H).
2. Numerous leaves in a rooted tree
Lemma 1. Given a nontrivial tree T rooted at a vertex x, let L be the set of leaves in T which are different from x. Then the number
|L| of (true) leaves equals the number of nontrivial x-L paths in T and, for
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pi(P, T) :=∏
y∈P
(degTy− y), (1)
|L| ≤ max
P
pi(P, T) (2)
where P = y1 y2 . . . yk is an x-L path, yi are vertices of P such that y1 = x, yk ∈ L, and if y ∈ P then y = 0 for y = x or y ∈ L,
otherwise y = 1. Moreover, the upper bound on |L| is sharp as it is attained at T = T˜ iff the value of the product pi(P, T˜) is the
same for each x-L path P in T˜.
Proof. Proceed by induction on nwhere n is defined to be the largest order among x-Lpaths in T, n ≥ 2. For n = 2, |L| = degT x,
which agrees with the Lemma (inclusive of sharpness). Assume that a tree T has n ≥ 3. Given any tree Ti, we assume that
the maximum in (2) with T = Ti is attained at an x-L path P denoted by P˜i. If t := degT x, let T1, T2, . . . , Tm be all nontrivial
components of T − x where each Ti is a subtree whose root we choose to be the neighbor, say vi, of x in T and vi ∈ Ti. Then
t − m is the number of trivial components. Let Li be the set of non-vi leaves in Ti. Then
|L| = (t − m)+ |L1| + |L2| + · · · + |Lm|
≤ (t − m)+
m∑
i=1
pi(P˜i, Ti) by induction hypothesis,
≤ tpi(P˜j, Tj) if jth summand is the largest.
Hence xvj + P˜j is a path P in T which maximizes pi(P, T). Then the upper bound tpi(P˜j, Tj) = pi(xvj + P˜j, T˜)where T˜ is obtained
from T if disjoint copies of Tj replace each Ti with i 6= j. Thus the upper bound and the stated sufficient condition for its
sharpness have been proved. Necessity of the condition is clear. 
The above Lemma admits the following interpretation. Given any tree T rooted at x, there is a class of trees T∗ rooted at
the same vertex x, with degT∗ x = degT x and each component of T∗ − x being isomorphic to a component of T − x, so that a
maximizing tree T˜ is in the class.
3. Maximizing the number of hamiltonian pairs
Note that, for a 4-valent multigraph G on two or more vertices, h2(G) is the number of ways an edge of G can be extended
to a cycle C such that G− E(C) is a cycle too.
Let G be a hamiltonian multigraph with three or more vertices. Let x be a vertex and e an edge incident to x in G. Call a
path P of G to be an xe-path if P is a Hamilton path with initial vertex x, initial edge e, and terminal vertex which is a neighbor
of x. Thus every xe-path, if exists, can be extended to a Hamilton cycle.
We construct a rooted out-tree T of xe-paths of G. Namely, the vertex set of T is the set of all paths (inclusive the trivial
path) in G which begin at x and are initial sections of xe-paths. We assume that the root of T, denoted by r, represents the
trivial path of G comprising the vertex x. Next, for any two vertices u, v ∈ V(T), there is an arc (u, v) ∈ A(T) if and only if u is
a subsection of v in G such that v is a one edge extension of u.
A part of the following result is the first step in the inductive proof of our main result.
Theorem 1. Let G be a 4-valent multigraph of order n. Then h2(G) = 3 if |G| = 2, otherwise h2(G) ≤ 2n−1 and the upper bound is
attained if and only if G = 2Cn. Moreover, if G 6= 2Cn then h2(G) ≤ 2n−2, the bound being attained for exactly b n−22 c nonisomorphic
multigraphs.
Proof. Clearly h2(G) = 3 if |G| = 2 and h2(2Cn) = 2n−1 for n ≥ 3. Assume that n ≥ 3 and G has a hamiltonian pair. Hence G
is 4-valent with edge multiplicity at most two. Let x and e be respectively a fixed vertex and a fixed edge incident to x in G.
Let e = xx′ where x′ is the other endvertex of e, x′ 6= x. We call x and e the root and the stem of G, respectively. Each of the
remaining three edges incident to x is called an outgrowth of G. Thus each xe-path of G is extendable to a Hamilton cycle of G
by adding an outgrowth. The complement of the resulting cycle can be a hamiltonian subgraph of G. Let p(x, e) and h(e) be
the numbers of respectively xe-paths and their extensions to Hamilton cycles in G. Clearly,
h(e) ≤ 2p(x, e). (3)
Recall that r (= x) is the root of the out-tree T of xe-paths of G. Note that r has only one neighbor in T, say r′, r′ = x, e, x′ in G.
Let L be the set of leaves of T different from x. Clearly
|L| = p(x, e). (4)
We define the function ψ : V(T) → V(G) such that for each u ∈ V(T), ψ(u) is the terminal vertex of u in G. In particular
ψ(r) = x and ψ(r′) = x′. Let ψ′′ stand for the function induced by ψ on the arcs of T. Namely, ψ′′ : A(T)→ E(G) and for any
(u, v) ∈ A(T), ψ′′(u, v) is the last edge of v in G. Thus ψ′′(u, v) is the appropriate edge in G with endvertices ψ(u), ψ(v).
In the sequel we neglect the orientation of T and we speak about edges of T instead of arcs (or directed edges) of T.
Consequently we write E(T) instead of A(T).
Assume that P is an r-L path of T, P = y1y2...yn. Then, if y ∈ P and y′ = ψ(y) then 2 ≤ degT y ≤ valG y′ unless y is either of
endvertices of P and then degT y = 1. For any y ∈ P, let Ey be the set of edges incident to y in T. Let EP =
⋃
y∈P Ey. Thenψ∪ψ′′ is
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injective on V(P)∪EP . Therefore we shall refer to vertices of P and to edges in EP as if they were the uniquely corresponding ele-
ments ofG. Consequently y1 = r = x, y2 = r′ = x′. We are going to refer to formula (1). The factor degT y−y therein counts the
number of edges in EP , which are incident with y ∈ P and such that if y = yi, 2 ≤ i < n, then the edge yi−1yi is counted at yi−1
and is not counted at yi = y (because then y = 1). It follows that the sum of all n factors in the productpi(P, T) in formula (1) is∑
y∈P
(deg
T
y− y) ≤ 1+ |ψ′′[EP]| ≤ 1+ |E(G)| − 3 = 2n− 2 (5)
because the last edge of P is counted twice but none of three outgrowths of G counts in. Hence, since 1 is the factor at either
endvertex of P, 2n−2 is the maximum possible value of the product pi(P, T), i.e., due to (4) and Lemma,
p(x, e) = |L| ≤ 2n−2, (6)
h2(G) ≤ h(e) (obvious), (7)
h2(G) ≤ h(e) ≤ 2p(x, e) ≤ 2n−1 by (7), (3) and (6). (8)
Suppose that pi(P, T) (and |L|) attains the maximum possible value of 2n−2. Then only equalities hold in (5). Henceψ′′[EP]
comprises all edges of G except for 3 outgrowths. Moreover, degT y = 3 for any inner vertex y of P. Hence every inner vertex
of P is incident to exactly one (= degT y− degP y) edge of EP \ E(P). Note that if ey ∈ EP \ E(P) is incident to y ∈ P then ψ′′(ey)
is an edge of G − E(P) which joins y with a vertex following y on P, either immediately or not. Call ψ′′(ey) to be a P-forward
edge (starting) at y. Similarly, each outgrowth is called a P-forward edge at the root y1. Thus there are n+ 1P-forward edges
in G, none at yn, and they make up the set E(G) \ E(P). Let yz be a P-forward edge at any y ∈ G. Then y 6= yn and z 6= y1. We
call yz to be a P-backward edge at z. If z 6= y1 then P-backward edges at z are precisely those edges incident to z in G which
are missing in ψ′′[Ez]. Consequently,
L1. If p(x, e) = 2n−2 then G has three P-forward edges at y1, three P-backward edges at yn, and
(*) there is exactly one P-forward and exactly one P-backward edge at any inner vertex of P.
(**) both endvertices of P, y1 and yn, are in G doubly adjacent to their neighbors on P.
Suppose that h2(G) = 2n−1. Then, by (8), p(x, e) = 2n−2 and h(e) = 2n−1. Thus, by (3), two outgrowths join y1 with yn.
Therefore, for each vertex yi ∈ P with i 6= 1, a P-backward edge at yi joins yi with yi−1, which is easily seen for consecutive
i = 2, 3, . . . , n. Thus G = 2Cn.
Suppose now thatG 6= 2Cn. Thus, there exists a vertex x inGwhich is incident to at most one pair of parallel edges. Let a and
b be neighbors of x each of which is simply adjacent to x. We choose x to be a root and let the stem e be an edge incident to x
such that e 6= xa, e 6= xb. Then no two outgrowths are parallel edges. Hence h(e) = p(x, e) ≤ 2n−2. Thus h2(G) ≤ p(x, e) ≤ 2n−2.
Assume that h2(G) = 2n−2. Then by L1(**) each vertex of G is incident to at least one pair of parallel edges, because other-
wise choosing another root could spoil the assumed equality. Let Px,y, y = y(x), be the initial section of the path P such that
y is incident to exactly one pair of parallel edges in G and each inner vertex of Px,y, if any, is incident to two pairs of parallel
edges. Therefore, none of a and b is an inner vertex of Px,y. Hence y is an inner vertex of P and y has two neighbors, say c and d,
both simply adjacent to y. Then, by L1(*), the P-backward edge at y is a double edge. Consequently, c and d follow y on P and
we assume that c immediately follows y on P. Then c is an inner vertex of P and therefore the only P-backward edge at c joins
c with x whence c ∈ {a, b}. Since degT y = 3, Px,y + yd is an initial section of another xe-path Q . Thus, analogously d ∈ {a, b}.
Hence {a, b} = {c, d}. Furthermore, x and y(x) are simply adjacent with a. Thus, if we start at a as a root then we obtain
that x and y(x) are common neighbors of a and y(a). Hence y(a) = b. Consequently, each multigraph with 2n−2 hamiltonian
pairs consists of a cycle C4 and two double paths joining non-adjacent vertices of the cycle, see Fig. 1 for k = 2. Thus these
multigraphs differ only by the distribution of remaining n − 4 vertices on the double paths. Therefore the number of inner
vertices on the shorter path is between 0 and b n−42 cwhence the number of the multigraphs is equal to b n−22 c. 
4. Maximizing the number of hamiltonian k-sets
Theorem 2. Let k ≥ 2 and let G be a 2k-valent multigraph of order n. Then hk(G) = (2k − 1)!! if |G| = 2, otherwise n ≥ 3,
hk(G) ≤ k!n−1, and the upper bound is attained if and only if G = kCn. Moreover, if G 6= kCn then hk(G) ≤ kn−2(k − 1)!n−1, the
bound being attained for exactly b n−22 c nonisomorphic multigraphs.
Proof. Assume that n ≥ 3 and G has a hamiltonian k-set. Hence G is 2k-valent with edge multiplicity at most k. LetH ek denote
the set of hamiltonian cycles which contain a fixed edge e of G and which are in some hamiltonian k-set of G. Let hk(e) denote
the cardinality ofH ek . Consequently, let xek-path be the name of every xe-path which can be extended to a cycle C ∈ H ek . Let
pk(x, e) stand for the number of xek-paths. The following recursive formula is easily seen.
hk(G) =
∑
C∈Hek
hk−1(G− E(C)). (9)
Hence if G = kCn then hk(e) = kn−1 for any e ∈ E(G) whence hk(kCn) = kn−1hk−1(k−1Cn) = k!n−1. Now the next part of the
proof goes along the lines of that for Theorem 1 provided that (k =) ‘two’ and ‘pair’ therein are replaced by k and k-set,
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Fig. 1. Multigraphs with k!n−1/k hamiltonian k-sets.
respectively. Consequently, the number 3 in formula (5) should be interpreted as 2k − 1. Furthermore, T is to be a tree of
xek-paths. Therefore we now only list the new correspondingly modified formulae.
hk(e) ≤ m · pk(x, e) (3k)
where m (≤ k) is the largest multiplicity among outgrowths which are not parallel to the stem e.
|L| = pk(x, e) (4k)∑
y∈P
(deg
T
y− y) ≤ 1+ |ψ′′[EP]| ≤ 1+ |E(G)| − (2k− 1) = k(n− 2)+ 2 (5k)
pk(x, e) = |L| ≤ kn−2. (6k)
hk(G) ≤ hk(e) · hk−1(n) by (9) (7k)
where h1(n) = 1 for n ≥ 3. Thus, by (7k), (3k) and (6k),
hk(G) ≤ hk(e) · hk−1(n) ≤ k · pk(x, e) · hk−1(n) ≤ kn−1 · hk−1(n). (8k)
Hence hk(n) ≤ kn−1 · hk−1(n)whence, by recursion, hk(n) ≤ k!n−1. Therefore
hk(n) = k!n−1 (10)
because the upper bound is attained for G = kCn. Thus we have modified the corresponding part of proof for Theorem 1. If
we continue necessary modifications, we arrive at the following statements on an xek-path P in G (and in T).
L2. If pk(x, e) = kn−2 then G has 2k− 1 P-forward edges at y1, 2k− 1 P-backward edges at yn, and
(*) there are exactly k− 1 P-forward and exactly k− 1 P-backward edges at any inner vertex of P.
(**) both endvertices of P, y1 and yn, are in G k-adjacent to their neighbors on P.
Suppose that hk(G) = hk(n). Then, by (8k), pk(x, e) = kn−2 and hk(e) = kn−1. Hence, by (3k), y1 is k-adjacent with yn.
Therefore, for each vertex yi ∈ P with i 6= 1, k−1 P-backward edges at yi join yi with yi−1, which is easily seen for consecutive
i = 2, 3, . . . , n. Thus G = kCn.
Now, we are going to prove that if n ≥ 4 and G 6= kCn then hk(G) ≤ kn−2(k− 1)!n−1 and the bound is attained for exactlyb n−22 c nonisomorphic multigraphs. In what follows we proceed by induction on k. For k = 2, see Theorem 1. Let k ≥ 3.
Consider two cases.
C1. Let G=k−1 Cn + E(D) where D is a 2-factor which contains c edges which are chords of the cycle Cn, c > 0. We also
assume that no two adjacent edges of D are simultaneously chords of Cn. Then every vertex of G is incident to at least one
k-set of parallel edges. On the other hand, both endvertices of an edge of multiplicity k−1 are endvertices of distinct chords.
Therefore necessarily c ≥ 2. Let the stem e = xx′ be a chord of Cn, which is included in D. Then any xek-path P of G contains
an edge incident to x′ and of multiplicity k in G. Thus P omits each edge incident to x′ and of multiplicity k−1 in G. Hence, by
(5k),
∑
y∈P(degT y−y) ≤ k(n−2)+2−(k−1) = k(n−3)+3. Note that every xek-path is hamiltonian and therefore contains
at least two chords of Cn. Thus at some vertex xP ∈ P there is only one way of extending the initial section x, x′, . . . , xP of P to
an xek-path. For instance, this is the case for xP being the first vertex on P out of x′′ and its simply adjacent neighbor, where
x′′ is the vertex (k− 1)-adjacent to x′. Hence degT xP = 2 whence three factors in pi(P, T) are equal to 1, and the sum of all n
factors does not exceed k(n−3)+3. Thus pi(P, T) ≤ kn−3. By Lemma, |L| ≤ kn−3. Hence, by (3k) and (4k), hk(e) ≤ kn−2 because
m = k. Therefore, by (9) and (10),
hk(G) ≤ hk(e) · hk−1(n) (11)
≤ kn−2(k− 1)!n−1. (12)
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Fig. 2. A 2-switch which produces another multigraph with same order and with k times smaller number of hamiltonian k-sets, k ≥ 2.
Note that equality in (11) holds iff every cycle C ∈ H ek in formula (9) contains all chords of Cn (because only then
G − E(C)=k−1 Cn). Then hk(e) = kn−c since every edge of C is either a chord of Cn or an edge of multiplicity k. Therefore
hk(G) attains the upper bound in (12) iff c = 2. Then, however, two chords of Cn intertwine, see in Fig. 1 in which edges with
label 1 are such chords. One can see that the number of multigraphs pictured in Fig. 1 equals b n−22 c.
C2 (opposite to C1). Then G has a vertex x such that x has at least three neighbors and if the number of neighbors is three,
all of them are multiply adjacent with x. Let the vertex x be a root and the stem e an edge incident to x with the largest
possible multiplicity. One can see that, for each C ∈ H ek , G− E(C) 6= k−1Cn. Therefore hk−1(G− E(C)) ≤ (k− 1)n−2(k− 2)!n−1
by induction hypothesis. Hence, by (9) and (3k),
hk(G) ≤ hk(e) · (k− 1)n−2(k− 2)!n−1 ≤ m · pk(x, e) · (k− 1)n−2(k− 2)!n−1.
Because clearly m ≤ k − 1, either m < k − 1 or otherwise m = k − 1 and the multiplicity of e is exactly k − 1. In the latter
case, due to L2(**), pk(x, e) < kn−2. Therefore, in each case
hk(G) < (k− 1)kn−2(k− 1)n−2(k− 2)!n−1 = kn−2(k− 1)!n−1.
Thus hk(G) is smaller than the second largest value possible. 
5. Concluding remarks
The following theorem can be easily derived by induction on k from formula (9), k ≥ 2. The first step is the already
mentioned Thomasson’s result, see introduction.
Theorem 3. Let k ≥ 2 be an integer and G a multigraph of order n, n ≥ 3. Then the number hk(G) of hamiltonian k-sets in G is
even. 
A 2-switch involving two edges, Fig. 2, within a k-fold subpath (on four or more vertices) in a multigraph of order n
produces another multigraph with same order and with k times smaller number of hamiltonian k-sets. This way we go from
the number k!n−1 to k!n−1/k (cf. Theorem 2), and next to k!n−1/k2. When k = 2 then one can prove that the third largest
number of hamiltonian pairs exists only for n ≥ 5 (easy) and possibly equals 2n−3 (but not for n = 5, 8 if n ≤ 9).
The problem of maximizing the number of hamiltonian pairs and k-sets among simple graphs remains open. Only lower
and upper bounds for the maximum value, h2(n), of the function h2 among n-vertex simple graphs are found in our recent
paper [2]. Constructions presented there give the lower bound h2(n) ≥ 12 · 48bn/8c. The upper bound h2(n) ≤ 3 · 2n−4 which
is given in [2] seems to be far from being sharp for large n.
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